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THE HYPERSONIC BOUNDARY LAYER ON A WEDGE 
WITH UNIFORM MASS ADDITION AND 
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Abstract-The effects of uniform surface blowing on the hypersonic boundary layer with viscous interaction 
are investigated analytically and experimentally. For strong and moderate viscous interaction, the heat 
transfer on a flat plate and a slender wedge is calculated by use of the local similarity technique to solve the 
boundary layer equations and the tangent wedge approximation to determine the inviscid pressure. 
The experiments are conducted at Mach numbers of 16 and 20, at unit Reynolds numbers of 2.3 and 
1.3 x lo5 ft- l, and at the cold wall condition. The analytical and experimental results are in good agreement. 
For moderate blowing, it is found that the effects of viscous interaction dominate the flow when the inter- 
action is strong and that the effects of blowing become more important as the strength of the viscous 

interaction decreases. 
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NOMENCLATURE 

defined in equation (18); 
,u*/p T/T* where (*) refers to Eckert 
reference enthalpy conditions; 

Qw/~mu,W, - KJ; 
specific heat at constant pressure; 
H/H, or H/H, ; 
total enthalpy ; 
M,(O, + dS*/dx); 
M,%; 
Mach number ; 
pwvw/pooue, mass injection or blowing 
parameter ; 
exponent of variation of pressure with 
x; determined in equation (16) ; 
p/p,, dimensionless pressure ; 
heat transfer rate at the wall [W/cm*] ; 

(PmkcJYflUm~ 
temperature; 
tangential velocity component ; 
normal velocity component ; 

t This work was supported by the U.S. Air Force under 
Contract FO4701-69-C-0066. 

coordinates along and normal to the 
wall ; 
ratio of specific heats ; 
boundary-layer displacement thick- 
ness ; 

(“J - 1MY + 1); 

m n 

J p dy, transformed coordinate ; 

0 

wedge half-angle, angle of attack of 
flat plate ; 
viscosity ; 
p/p, kinematic viscosity ; 

i 
pepeue dx, transformed coordinate ; 

Mz J(C/Re,), viscous interaction para- 
meter ; 
shear stress. 

Subscripts 
00, conditions in the free stream ; 

e, conditions at the edge of the boundary 
layer ; 

W, conditions at the wall; 
4 stagnation conditions. 
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1. INTRODUCTION 

THE AERODYNAMIC performance of a reentry 
vehicle can be strongly influenced by surface 
blowing due to an ablating heat shield. Blowing 
tends to increase surface pressure and to decrease 
viscous drag and heat transfer. However, at 
high altitude the boundary layer on reentry 
vehicles can become sufficiently thick that it 
develops a strong interaction with the inviscid 
flow and thereby induces a large and favorable 
pressure gradient. The consequences of this 
viscid-inviscid interaction, which is character- 
ized by a parameter that compares the viscous 
surface pressure to the inviscid surface pressure, 
are that the viscous drag and heat transfer are 
increased. Since on a reentry vehicle surface 
blowing and hypersonic viscous interaction can 
occur simultaneously and can produce opposing 
effects, it is desirable to have analytical means to 
study a hypersonic boundary layer when both 
effects are present, but the required theoretical 
method must be flexible enough that the effects 
of a general blowing distribution for the entire 
range of hypersonic interaction (strong and 
weak) can be considered. Presently, no exact 
or approximate solutions of this dimension 
exist. 

Existing theories on boundary-layer blowing 
have primarily been limited to the special 
case of self-similar flows. For the flat plate, the 
solution of Emmons and Leigh 11-j gives a 
complete ~bulation of the variation of the 
boundary-layer parameters with the blowing 
parameter. Further tabulations of self-similar 
flows with blowing are presented in [2]. Recently, 
the effects of external pressure gradient [3] and 
surface temperature [4, 5] on boundary layer 
flows with blowing were discussed. Exact solu- 
tions of nonsimilar cases are few indeed, and 
the only case that has been studied in detail is 
flow over a flat plate with uniform blowing [6]. 
There are numerous studies of hypersonic 
viscous interaction [7-g]. The combined effects 
of mass addition and strong hypersonic inter- 
action are discussed in [lo, 111; however, it 
appears that the combined effects of surface 
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blowing and hypersonic interaction have not 
been studied for cases in which the magnitude 
and distribution of the surface blowing is 
arbitrary and the magnitude of the interaction 
parameter is arbitrary. 

The objective of the present report is to present 
an analytical and experimental study of the 
hypersonic boundary layer on a wedge and a flat 
plate with uniform blowing over the entire range 
of interaction parameter. In the experimental 
study, heat transfer to the surface of the plate is 
measured at flow Mach numbers of 16 and 20, 
at unit Reynolds numbers of 2.3 and 1.3 x lo5 
ft - ‘, and at cold wall conditions. The mass 
injection rate characteri2~ by the ratio of 
injected mass flow to the free stream mass flow 
is varied from 1 to 5 per cent. The theoretical 
study is conducted by the approximate, local 
similarity technique. This technique, which 
usually results in a simple analysis [12], is 
hampered by the de~cien~ in tabulated data for 
self-similar flows with blowing and a pressure 
gradient. However, simple results that accurately 
correlate the experimental data are obtained if, 
in addition to local similarity, a hypersonic 
boundary layer with specific heat ratio close to 
unity is assumed. 

2. THEORETICAL ANALYSIS 

An exact analysis of the hypersonic boundary 
fayer with mass addition and viscous interaction 
could be obtained in principle by numerically 
solving the coupled inviscid and viscous equa- 
tions. But for the present case, it is expedient to 
employ approximate techniques. There are 
many approx~ations that can be used, but the 
present problem requires that the approxima~ 
tions to the inviscid and viscous flows are simple 
enough that the interaction between the flows 
can be studied. The solution to the inviscid 
equation will be approximated by employment 
of the strong shock and slender body versions 
of the tangent wedge approximation. The 
solution to the boundary-layer equations will 
be obtained bv use of the local similarity tech- 
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nique, the hypersonic approximation, and the 
numerical solutions of [l]. 

If a perfect gas, Pr = 1, and p - T are 
assumed, the two~imensional equations for a 
hypersonic boundary layer in a transformed 
coordinate system are [7] 

&pj + l&q + P(s - .g) = X(f&e -f&J (1) 

svq + fs, = Mf&s -f&J (2) 

where 

t=fi; 
II 

g=r----; 

e ff.2 
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The appropriate boundary conditions are 

where 

If the external pressure distribution is given, 
the problem is completely determined by equa- 

(4) 

tions (1) (2) and (4). In the present case, the 
external pressure is to be obtained from a solu- 
tion of the inviscid equations for flow over 
an equivalent body whose ordinate equals 
the displacement thickness plus the local body 
ordinate. Some of the complexity is eliminated 
if it is assumed that the local pressure is given 
by a tangent wedge approximation. When this 
assumption is made, the full inviscid equations 
do not have to be considered Therefore, for 
hypersonic flow, the pressure is 

where 

dd* 
M,=K,+M,-& 

If terms of 0 [(m2Re/M2)*] and O(M;‘) are 
neglected, the displacement thickness is 

s,J+~-l)i 
2P,M, J(2xjp.dx) /(cJ -fWv 

(61 
where X is the flat plate interaction parameter. 

It is clear that 6* is determined from the 
solution of the boundary-layer equations [equa- 
tions (l), (2) and (4)] and that these depend on 
the pressure [equation (5)], which in turn 
depends on the displacement thickness. 

So far the development of the local similarity 
equations parallels the one presented by Dewey 
in [12]. However, the present analysis differs 
from Dewey’s in that blowing from a local 
similarity point of view was not considered in 

PI- 
Equations (l), (2) and (4x6) must be solved 

simultaneously. These equations are coupled 
nonlinear partial differential equations because 
the chosen blowing distribution and range of 
interaction parameter do not permit the self- 
similar assumption. Therefore, the exact solu- 
tion of this problem is difficult even with the 
aid of high-speed computers However, a simple 
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an~ytical solution can be obtained by the Now we shall assume that 25 dfw/d< is small 
application of the local similarity method. such that 

Before proceeding to the local similarity 
solution, it is of interest to discuss the para- 
meters of the problems. The equations show that 
the parameters are g,,,, m, M,, 0, Re, and y ; 
however, these are not necessarily independent. 
In the case of a flat plate, the parameters are 
g,,,, M,, m, y and i: When i $ 1, then P, - 2, 
s*/x N (ii/M”,)3y f, N m(M,l,,%)’ and 
C, N [(JjQMJ3. In the case of a wedge, the 
parameters are the same, except that the inter- 
action parameter is R = f/K;: When Iz % 1, 
then P, m I, P/x0, iv A*, f, - mM~/(I-)Kf) 
and C:H N @*&J&Y. 

The trend of the blowing effects on a flow with 

In the leading term fo, the inde~dent vari- 
able& is a parameter and fl is also a parameter 
that depends on f,. 

viscous interaction can be obtained from the 
above presentation. When m and M, are 
constant, the effects of blowing decrease as the 
viscous interaction increases and increase as 
the interaction decreases. Thus, on a reentry 
vehicle the relative effect of blowing near the 
leading edge is less than near the trailing edge. 
For blowing to have an O(1) influence on bound- 
ary layer, m must be @s/M:) for a flat plate and 
O(A*Kz/Mi) for a wedge. 

Now, if we had a complete tabulation of 
f (q; f,; fl the leading term would be deter- 
mined and all the boundary-layer parameters 
evaluated at the local value off, However, we 
only have the complete tabulation of the flat 
plate solution f(q ; f,). Therefore we will make 
the hypersonic assumption that 

and for y close to unity, the influence of the 
parameter j? can be neglected [8]. 

In the present local similarity method, fw 
is used as the independent variable rather than 
the usual /I. However, the drawback of using f, 
as the independent variable is that the resulting 
solution is exact only when& is zero. But it has 
been shown that the local similarity method 
predicts heat transfer accurately when the 
blowing is not too large [13]. When f, is 
large, the local similarity method underest~ates 
the heat transfer. 

Using&, as the independent variable, equation 
(1) becomes 

The question arises as to why an approxi- 
mation based on the Catheral et al, solution [6] 
for uniform blowing was not developed. One can 
answer this question by referring to [ 1 l] for the 
derivation of the compressible version of the 
equations used in [6] and noting that an 
additional pressure gradient term whose order 
of magnitude is unity and not (y - 1)/r appears 
in the compressible equations. This additional 
pressure term which is a result of the variable 
viscosity used in the compressible formulation, 
cannot be neglected by employing the hyper- 
sonic boundary-layer assumption, as was done 
with the /I term. Hence, there is no one-to-one 
correspondence between the incompressible 
equations of [6J and the compressible equations 
[ll], unless the pressure gradient is identically 
zero and this is not the case of interest. 

Therefore, the leading terms in our local 
similarity solution are 
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The variablesfand g can be evaluated from [l] 
if the local f, is given. However, f;, depends on 
the variation of P,; therefore, the variation in 
P, must be determined. 

For the local similarity method, let P, N x”. 
The exponent n is to be evaluated from local 
values of the boundary-layer parameters. The 
variation of n is 

n=pedx 
x dPe = (~~) ($$) (12) 

where .K is the previously defined hypersonic 
similarity parameter. Since P, - 2, displace- 
ment thickness is 

where 

If Kb and K are known then n can be calcu- 
lated, and the pressure distribution is known. 
For example, K = K, results in n = 0, the zero- 
interaction result, and K’p 1 results in the 
strong-interaction self-similar solution result, 

The parameter K is related to P, and the 
boundary-layer solution by 

K-&=X (1 - N2 (Y - u2 Vfl 8(i + n)P, > 
i. (lg) 

Equation (19) relates K, P, and 1 + n to the 
(13) b dary solution I, which depends on g,,, a;;nf. 

w 
where The remaining relationship between the 

(14) 
boundary-layer solution and the external 
pressure is 

It is assumed that I is a slowly varying function 
with x, and this implies that 6* - x(~-~)‘~. 

If we restrict the problem to Bat surfaces or 
wedges (dK,/dx = 0) and employ equation (13) 
and the definition of K, it can be shown that 

x dK2 
--= +(K-&). 
K2 dx (15) 

The relationship between n and K is determined 
by evaluation of dP,/dK2 from the tangent 
wedge formula [equation (5)] and by use of the 
resulting expression with equation (15) in 
equation (12). The final equations are 

K2 dP, 
P, dK2 

f,= _~~~). (20) 
e 

This equation relates f, to n and P, 
The procedure for obtaining a solution is 

as follows. We are given m, j, ML, gw and 0,. 
A value of Ki is assumed. P, is calculated from 
equation (5), and n is calculated from equations 
(16)-(18). The value of fw is determined from 
equation (20). Then I(&,, g,J is obtained from 
the tabulation in [1], and Ki+l is calculated 
from equation (19). If Ki+, does not agree with 
Ki, the iteration is repeated using Ki+l until 
~tisfa~to~ convergence is obtained. This itera- 
tion procedure can be easily executed with the 
aid of a desk computer. 

If n, P, and f, are known, the boundary-layer 
parameters can be determined from 

3 = p,u,(HQ H,) 

Before concluding this section, it is appro- 
priate to comment on the parameters that 
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characterize the accuracy of the solution. The 
first parameter is 2&d&/d<), and the solution is 
accurate to 0[2<(df,id4)]. This implies, as can 
be deduced from the equations, that the accuracy 
increases as the hypersonic interaction increases 
or as m decreases. The second parameter is 0, 
and the solution is accurate to O(p) or to 
O[(r - 1)/y]. Hence, as m increases and T,J(p,u,“) 
decreases, the solution is reasonably accurate 
until ~,i(p&) is q~~~/~) [5]. At this point, 
further decreases in z,/(p,u;) are not allowed 
unless the effect of p on the solution is con- 
sidered. Hence, it is inappropriate to discuss the 
“blow-ofY question using the present approxi- 
mation. Furthermore, it was shown in [4] and 
[5] that “blow-off” cannot occur when rn~, fi and 
g, are all finite. 

3. EXPERIMENTS 

Heat transfer to a porous flat plate with mass 
injected through the surface was measured at 
flow Mach numbers M, of 16 and 20 and unit 
Reynolds numbers of 2.3 and l-3 x lo5 ft- ‘. 
The mass injection rate parameter m was varied 
from 0.9 to 4.3 per cent, while angle of attack 
for the surface of the plate ranged from 0 to 
16 deg. The experiments were carried out in the 
Aerospace hypersonic shock tunnel, which is a 
contoured nozzle facility designed for M, = 20 
at reservoir conditions of 200 atm and 2000 ‘IL 
The details of the model, instrumentation and 
testing technique are as follows. 

The model consists of an aluminum box, the 
top surface of which is a porous plate. A 30-deg 
wedge with a 0,003 in. radius of curvature 
provides the leading edge of the plate, the 
surface dimensions of which are 8 x 84 in. 
A &-in. thick stainless steel plate with a 2-p 
porosity provides the porous surface of the 
model. The porous section begins about 3 in. 
aft of the leading edge. The injected gas, N2 
in this case, is introduced into the plenum and 
controlled by an external flow metering system. 

Flow uniformi~ of the gas injected from the 
surface was assured by observation of the flow 
variations with a hot wire anemometer traversed 

across the porous surface of the model before 
the test. 

Thin platinum film resistance thermometers, 
applied to Pyrex disk substrate and cemented 
with the film surface flush with the porous 
surface, provided the heat-transfer instrumenta- 
tion. The output signal from the resistance 
thermometer reflecting the surface temperature 
history was transformed by analog circuits to 
the heat-transfer rate and observed directly 
on oscilloscopes. The precision of the measure- 
ments is a function of the accuracy of the thin- 
film gage calibration and the precision with 
which the signals can be measured on the 
oscilloscope traces. From these considerations, 
an accuracy between 10 and 15 per cent is 
expected. Since the effects of blowing should 
be much larger, this accuracy is quite adequate. 

In addition to the heating rates, the tunnel 
flow parameters are obtained from a measure- 
ment of the reflected shock pressure and Mach 
number in the shock tube and the pitot pressure 
in the tunnel. These data are plotted in Figs. 1 

Fz. 1. Flat plate heat-transfer rate with mass injection, 
viscous interaction. 
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FIG. 2. Heat transfer with mass injection, viscous interaction 
on wedge, half-angle 0,. 

and 2 in the form of Stanton number 

_H = QIPm%Wt c - IS,) as a function of 
x = M&/(C/Re.J for the case of a flat plate at 
zero angle of attack (Fig. lf and C,//8:) vs. 
$it-f~f$ for the case of a wedge (Fig. 2) with 
half angle 8, (or plate at angle of attack e,,). 
Included in the two graphs are Cheng’s [8] 
viscous interaction predictions for no blowing 
for a flat plate and Mirels and Ellinwood’s [9] 
predi~ions for a wedge of semivertex angle Bb, 

4. RESULTS AND DISCUSSION 

In general, the experimental and analytical 
results, given in Figs. 1 and 2, are in good agree- 
ment. For the wedge, the best agreement 
occurs when the interaction is strong and the 
amount of blowing is small. 

The results show that mass injection decreases 
the heat transfer rate below the nonblowing 
value. For a fared value of m, these results show 
that the effects of mass injection decrease as the 
hypersonic viscous interaction. increases. This 

conclusion was anticipated in a previous dis- 
cussion of the flo‘ parameters. This trend 
implies that with increasing viscous interaction 
the effect of pressure on heat transfer tends to 
override the effect of blowing. The consequence 
of this on slender, sharp nose, reentry vehicles 
is to minimize the effect of blowing near the 
nose as compared with that toward the all end. 
In order for blowing to have an O(1) effect on 
the boundary layer, it is required that 
m N O@/Mi) for flat plates and that 
m - (A*K,2)/44: for wedges. 
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COUCHE LIMITE HYPERSONIQUE SUR UN DIfiDRE AVEC UNE ADDITION 
UNIFORME DE MASSE ET UNE INTERACTION VISQUEUSE. 

R&m&On &die analytiquement et exp&rimentalement les effets de soufflage superficiel uniforme 
sur une couche limite hypersomque avec une interaction vlsqueuse. 

Pour une interaction visqueuse forte ou mod&r&e, le transfert thermique sur une plaque plane et sur un 
coin effilt est calculC en utilisant la technique de similitude locale pour rCsoudre les Cquations de couche 
limite et l’approximation du dibdre tangent pour dCterminer la pression lorsqu’il n’y a pas viscosit& Des 
exptriences sont r&aliskes 9 des nombres de Mach de 16 et 20, et des nombres unitaires de Reynolds de 
2,3 et 1,3 10” ft-‘, et pour des conditions de paroi froide. Les rCsultats expt?rimentaux et thiroriques sont 
en bon accord. Pour un soufflage mod+ on constate que les effets d’interaction visqueuse dCtexminent 
1’8coulement quand I’interaction est forte et que les effets de soufflage deviennent d’autant plus importants 

que I’intensitt de I’interaction visqueuc dtcroit. 

DIE HYPERSONISCHE GRENZSCHICHT AN EINEM KEIL MIT GLEICHM‘&SSIGER 
h4AssmzuFum um Z~~HIGKEITSEINFLUSS 

Zusammenfassung-Die Auswirkungen gleichmiissiger Oberfliichenausblasung auf die hypersonische 
Grenzschicht mit zshigkeitseintluss werden analytisch und experimentell untersucht. Fiir starken und 
m%ssigen Ztiigkeitseinfluss wird der Wlrmetransport an einer ebenen Platte und einem schlanken Keil 
unter Benutzung der iirtlichen jihnlichkeit, urn die Grenzschichtgleichungen zu l&en, und der “tangent- 
wedge”-N&herung berechnet, urn den statischen Druck zu bestimmen. Die Experimente werden bei 
Mach-Zahlen von 16 und 20 und bei auf die L&ngeneiheit bezogenen Reynolds-Zahlen von 7,55 und 
4,27 x lo5 m-l und bei kalter Wand ausgefiihrt. Die analytischen und experimentellen Ergebnisse 
stimmen gut iiberein. Fiir mPssiges Ausblasen findet man, dass die migkeitswirkungen iiberwiegen, 
wenn diese stark sind, und dass die Auswirkungen des Ausblasens entscheidend werden, sobald die Sttirke 

des ZLhigkeitseinflusses abnimmt. 

CBEPX3BYHOBOm IIOFPAHklVHbI$! CJIOm HA ICJIHHE IIPB 
OflHOPOfiHOM BAYBE MACCbI ki BFI3ECOM B3AHMOAEmCTBHIJ 

_bIIOTaI(HsI-BJIHRHHe OnHOpOnHOrO nOBepXHOCTHOr0 BAyBa Ha CBepX3ByKOBO8 IIOrpaHH- 

qHbl& CJIOfi npll BFI3KOM B3aHMOAetiCTBRH IWCJIe&yeTCR aHaJIiiTWleCKI4 I4 3KCIIepMMeHTaJIbHO. 

np&i CElJIbHbIX A CpeAHMX BR3KHX B3aHMOfietCTBHXX TeItJIOnepeHOC Ha IIJfOCKOZt IlJIaCTHHe I4 

TOHKOM KJIBHe paCCYHTbIBaeTCR MeTOAOM JlOKaJlbHOi aBTOMO~eJlbHOCTEi, AJIJI TOrO =IT06bI 

peIUHTb ypaBHeHIlH nOrpaHHYHOro CJIOR, II c noMoubm annpuKcaMaqm TaHreH4HaxbKoro 

KJlIlHa AJlR OnpeAe~eHMR HeBR3KOrO AaBJleHHFi. 3KCnepHMeHTbI npOBOAHJIHCb npll YllCJIaX 

Maxa OT 16~020, WWIaxPe~HoJIb~caOT 2.3~0 1.3~10~ (P~T-~IIXOJIOAHO~~CCT~HK~.P~~~JI~- 

TaTb, aHaJIWH9eCKMe II 3KCnepHMeHTaJIbHbIe XOpOUIO COrJIaCyIoTCH. npll yMepeHHbIX BAyBaX 

Ha~~eHO,~TOB~HRH~eBFI3KOrOB3aHMO~e~CTBBR~OMHHHpyeT,eCJIHB3allMO~e~CTBHeCHJIbHOe, 

a 3ij@eKTbl BAyBa CTaHOBRTCfl donee BHaWITeJIbHJdMB II0 Mepe ocna6neHIIfl BH3KOrO 

B3aMMOAeikTBRR. 


